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Summary. Graphene is an emerging nanomaterial for a wide variety of novel applications. Controlled

synthesis of high-quality graphene sheets requires analytical understanding of graphene growth kinet-

ics. The graphene growth via chemical vapor deposition (CVD) starts with randomly nucleated islands

that gradually develop into complex shapes, grow in size, and eventually connect together to form a

graphene sheet. Models proposed for this stochastic process do not, in general, permit assessment

of uncertainty. In this article, we develop a stochastic framework for the growth process and propose

Bayesian inferential models, which account for the data collection mechanism and allow for uncertainty

analyses, for learning about the kinetics from experimental data. Furthermore, we link the growth kinet-

ics with controllable experimental factors, thus providing a framework for statistical design and analysis

of future experiments.

1. Introduction

Graphene is the name given to a flat monolayer of carbon atoms tightly packed into a two-

dimensional (2D) honeycomb lattice, and is a basic building block for graphitic materials of all

other dimensionalities (Geim and Novoselov, 2007). In the realm of materials science and con-

densed matter physics, graphene represents an exciting new class of materials that continually of-

fers new inroads into low-dimensional physics (Geim and Novoselov, 2007), and a broad spectrum

of applications including optoelectronics, chemical and biosensing (Kim et al., 2009; Stankovich

et al., 2006; Stoller et al., 2008). The unique room-temperature properties of graphene, such as the

quantum hall effect (Shafiei et al., 2007) and high electron mobility (Bolotin et al., 2008), make its

high yield production particularly desirable.

Although several methods currently exist for synthesizing graphene, recent interest has been

focused on synthesizing graphene through the chemical decomposition of hydrocarbons on metals

due to relatively low production costs. Specifcally chemical vapor deposition (CVD) of hydrocar-

bons on copper has proved particularly promising in producing high quality large-area monolayer



graphene (Li et al., 2009) and is thus our focus in this paper.

The synthesis of large-area high-quality monolayer graphene requires some understanding of its

growth mechanism and the impact of underlying process factors (e.g., temperature and pressure),

since faster growth kinetics will lead to larger-area graphene. Recently, Wu and Huang (2014)

proposed a novel approach to deterministically model the growth kinetics of the graphene flakes,

using the well-studied confined exponential model. Whereas the work of Wu and Huang (2014)

can be considered pioneering, their model, henceforth referred to as the WH-model, neither per-

mits quantification of uncertainty associated with the growth kinetics nor relates the kinetics to

the process conditions. In this article, we first develop a stochastic growth model which shares

some mathematical properties with the WH-model, link it to the growth kinetics and then propose

inferential models for learning about the kinetics from experimental data. Furthermore we pro-

pose links between controllable experimental factors and the kinetics, and consequently provide a

framework for the statistical design and analysis of future experiments.

The paper is organized as follows: in Section 2, we briefly explain the graphene growth ex-

periments, give a brief overview of the WH-model, argue that some of the assumptions are overly

restrictive, and indicate how they can be relaxed. In Section 3, we discuss details of the pro-

posed model and show how various model assumptions lead to derivation of the growth kinetics

function. Section 4 details how an inferential model, which accounts for the sampling design, can

be developed for learning about the parameters of the kinetics. In Section 5 we discuss how the

parameters of the model can be estimated via a Bayesian approach and the uncertainty associated

with estimation assessed. Section 5 also details sensitivity analyses based on the sampling design.

In Section 6, we propose several model extensions and make concluding remarks.

2. Brief overview of graphene growth, the WH-model and its limitations

Kim et al. (2012) clearly explain the processes involved in the formation of graphene on copper.

A typical experimental run consists of passing methane over a copper foil (or tray), at some pre-

determined value for the process conditions (for example, Kim et al. (2012) investigated the growth

of graphene on a copper surface from 720 ◦C to 1050 ◦C ).

As stated by Kim et al. (2012) and shown in Fig. 1, the breakdown of methane on the copper

surface increases the concentration (ccu) of the active carbon atoms (or adatoms), until it reaches a

critical supersaturation level (cnuc ≥ 3.82× 1015cm−2), where formation of stable graphene nuclei

(islands) takes place (Fig. 1 stage (i)). This formation is also referred to as nucleation. Kim et al.

(2012) note that impurities, surface roughness, grain boundary grooves, and stepped terraces on the

copper foil often play important roles in graphene nucleation. In particular, they demonstrate that

sites exhibiting those properties are energetically favorable sites for nucleation and that nucleation

occurs almost exclusively in those regions.
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Fig. 1. Overall illustration of the nucleation and growth mechanism of graphene on copper (Kim et al., 2012).

Graphene growth proceeds from stage (i) to stage (ii), at which point it either continues to stage (iii) or stage

(iv).

As the nucleation and growth of the graphene islands deplete the adsorbed carbon atoms

surrounding them, the ccu is quickly reduced to a level where the nucleation rate is negligible.

The growth of the nuclei continues until the supersaturated amount of surface carbon atoms above

the equilibrium level ceq is consumed and an equilibrium between graphene, surface carbon, and

methane is reached (Fig. 1 stage (ii)). This equilibrium is dependent on the twin balancing acts of

adsorption/chemisorption and desorption, as well as attachment and detachment of carbon atoms

to each other. Depending on the available carbon, graphene nuclei either coalesce to form eventually

a continuous film (Fig. 1 stage (iii)) or stop growing to reach a saturated, final incomplete coverage

(Fig. 1 stage (iv)).

The WH-model seeks to uncover the kinetics driving the growth of graphene during its pro-

duction process. Two fundamental assumptions of the model are: (a) single growth mechanism:

individual graphene islands under the same process conditions are driven by the same kinetics, and

(b) self-similarity: the growth kinetics and island shapes have separable effects on the area growth

velocity of each graphene island. Based on the above assumptions, the following multiplicative

model was proposed for the angular dependent area growth velocity, vi(θ, t), of the ith graphene

island at angle θ and time t:

vi(θ, t) = gi(θ)q(t) (1)

where gi(θ) describes the shape of the ith graphene island, and q(t) is the deterministic kinetics

driving the growth at time t. It is important to note at this point that we describe the shape, gi(θ),
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in polar coordinates as is natural when dealing with 2D closed profiles. Another way to interpret

the model is to imagine that each island starts with shape gi(θ) and is scaled up by the kinetic

function (Wu and Huang, 2014).

In general, it is very difficult to observe or measure vi(θ, t) and thus this model is instead linked

to the more measurable (and thus more easily modeled) total area covered on the copper foil/tray

at time t, S(t). In Fig. 1 for instance, S(t) represents the sum total of the shaded areas within

each circle in stages (i)-(iv). Denoting the constant number of graphene islands on the tray at any

time t by N , Wu and Huang (2014) derived the following model for the growth kinetics:

q(t) =

d

dt
S(t)

2
√
NS(t)

, (2)

based on the assumption that gi(θ) follows the model:

gi(θ) = g(θ) + εi, where εi ∼ N (0, σ2
ε ). (3)

The above model appears to have several limitations. First, it does not allow for modeling and

evaluation of uncertainty, because (2) contradicts the assumption that q(t) is deterministic. This

is due to the fact that all the gi(θ), and consequently S(t), are random. Second, the assumption of

N remaining constant over time is clearly unrealistic and overly restrictive, especially for the first

few instants of time. Third, the model does not account for the time-varying random behavior

(attachment/detachment) of carbon atoms along the profile of each graphene island. Fourth, it

does not suggest a way to link different process conditions to the growth kinetics. Finally, it does

not allow us to understand what type of experimental data are needed to estimate the model

parameters, and how to analyze such data with the objective of estimating model parameters and

making predictions from the fitted model.

Some of the models proposed in this paper retain the fundamental structure (1) of the WH-

model, but makes several generalizations. First, the component shape gi(θ) is assumed to be

random, but restricted to have area, Anuc. As Vlassiouk et al. (2013) note, a simple estimate

for the critical size of surviving carbon cluster is about 140 - 320 atoms. Combining this with

the lower bound for cnuc (described above) gives the estimate Anuc ≈ 6.02 × 10−14cm2. We note

here that Anuc = 1 was proposed by Wu and Huang (2014) and this is appropriate only if the

goal is to compare the kinetics for different copper trays. In our proposed model, the kinetics are

reformulated in terms of E(S(t)) (where E(X) stands for expectation of a random variable X),

through acknowledgment of the effect of random carbon atom attachment and detachment along

the profile of each island. Another major change is the use of the random process N(t) instead

of a constant (N) number of graphene islands to make the model much more realistic. Next,

we consider the possibility of having multiple trays of graphene islands, each tray representing

a single experimental run at a specific value of the process conditions. Such a representation

facilitates the task of linking the growth kinetics with the process conditions. Finally we present
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a parametric approach for estimating q(t), along with a procedure for quantifying the uncertainty

in the estimation as well. In particular, we focus on Bayesian methods as they provide a natural

framework for specifying the interdependence of the various components of the parametric model.

3. A generalized stochastic graphene growth kinetics model

Let N(t) denote the random number of islands on the tray at time t. Denoting by vi(θ, t), the

angular velocity of the ith island at time t and angle θ, and ṽi(θ, t) its expectation over the random

micro-scale attachment/detachment of carbon atoms, we can generalize (1) to

ṽi(θ, t) = E [vi(θ, t)] = gi(θ)q(t), {i = 1, . . . , N(t)} (4)

where gi(θ) denotes the fixed area random shape of island i and q(t) denotes the kinetics driving

the growth time t. Our objective is to estimate q(t) as a function of time t, and to eventually

compare q(t) for multiple process conditions, since each kinetics curve reflects the effects of the

process conditions on the growth rate.

Let t0i ≥ 0 denote the random time the nucleation process begins for the ith island and let t∗0i

(where t∗0i > t0i) denote the random time of nucleation for that island. Note that t∗0i − t0i ≈ 0 due

to the relatively small value of Anuc, and for mathematical simplicity we will assume t∗0i − t0i to

be infinitesimally small.

Now, let Si(t0i, t) denote the area covered by the ith island by time t, and let S̃i(t0i, t) denote

the equivalent area covered when the random micro-scale behavior of the carbon atoms is averaged

out. Two hypothetical curves Si(t0i, t), one with t0i = 0 i.e., instant nucleation (broken-line curve)

and the other with an arbitrary t0i > 0 (solid-line curve) are shown in Fig. 2.

We mention at this point (and show in Appendix A1) that Si(t0i, t) only depends on the

random shape, gi(θ), through its non-random area, Anuc. Therefore, any randomness in Si(t0i, t)

is completely determined by the distribution of the nucleation times, t0i, as well as the random

attachment/detachment of carbon atoms to the edges of each island. Consequently, any randomness

in S̃i(t0i, t) is completely explained by the distribution of the nucleation times, t0i.

The total area S.(t) covered by the graphene islands on the tray by time t can be expressed as

S.(t) =

N(t)∑
i=1

Si(t0i, t) =

N(∞)∑
i=1

Si(t0i, t) · 1{t∗0i≤t} =

N(∞)∑
i=1

Si(t0i, t) · 1{t0i<t}. (5)

and equivalently, under the process where the random behavior of the carbon atoms is averaged

out, the total area S̃.(t) covered by the graphene islands on the tray by time t can be expressed as

S̃.(t) =

N(t)∑
i=1

S̃i(t0i, t) =

N(∞)∑
i=1

S̃i(t0i, t) · 1{t∗0i≤t} =

N(∞)∑
i=1

S̃i(t0i, t) · 1{t0i<t}. (6)

We will now make use of a simple example to show the effects of the nucleation times and

random attachment/detachment of carbon atoms on a hypothesized tray.
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Fig. 2. Hypothesized growth curves for a single island under assumptions of instant (Si(0, t)), and random

delayed (Si(t0i, t)) nucleation.

Example: Individual island growth

Suppose, for a hypothetical growth process for graphene, we have that q(t) = 100e−t. Further

suppose that we observe three different graphene islands, each with a distinct shape (gi : i =

1, 2, 3) and nucleation time (t0i : i = 1, 2, 3). We let g1, g2 and g3 represent specific circular,

three-lobed, and four-lobed shapes respectively, with Anuc set to 10−5 cm2. Specifically, we first

select coefficients βi,k (i = 1, 2, 3; k = 0, 1, . . . , 8) for unnormalized shapes h1, h2 and h3 in polar

coordinates such that

log(hi(θ)) = βi,0 +

4∑
m=1

βi,2m−1 cos(mθ) + βi,2m sin(mθ) ,

and then we normalize appropriately by defining g1, g2 and g3 through

gi(θ) =
√
Anuc ·

hi(θ)√
1
2

2π∫
0

h2i (θ)dθ

.

For the circlular shape, g1, we set β1,0 = 1, and set β1,k = 0 for all k 6= 0, so that g1(θ) is constant,

as expected of circles. For the three-lobed shape, g2, we set β2,k = 1 for k ∈ {0, 5, 6}, and set

β2,k = 0 otherwise. Finally, for the four-lobed shape, g3, we set β3,k = 1 for k ∈ {0, 7, 8}, and set

β3,k = 0 otherwise.

Next, we set nucleation times, t01 = 0 mins, t02 = 0 mins and t03 = 1 min, and select

observation times t = 0, 0.2, 1, or 4.5 mins. In order to represent the effect of random carbon

attachment and detachment from the profile edges, we add some noise to (4). Specifically, we set
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vi(θ, t) = ṽi(θ, t)·ei(θ, t), where ei(θ, t) is a log-normal random variable with parameters µ = −0.005

and σ = 0.1, i.e., ei(θ, t) ∼ LN (−0.005, 0.12). Note that E(ei(θ, t)) = 1 always. Fig 3a shows the

underlying growth process on the tray, when the random carbon attachment is averaged out, while

Fig 3b shows the corresponding growth process as observed.

(a) The growth of three graphene islands averaged over random carbon at-

tachment.

(b) The actual growth of three graphene islands. The rough profiles show

the effect of random attachment of carbon atoms.

Fig. 3.
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From Fig 3a we can see that average growth along any direction is proportional to the initial

shape at nucleation, and that the total area covered on the tray is highly dependent on the nucle-

ation time for each graphene island. Taking the circular island as an example under this average

growth process, the radius and area at time t = t01 is given by 0 cm and 0 cm2 respectively. At

time t = t∗01 = t01 + ε (for some ε > 0, an infinitesimally small number by assumption), the radius

and area are
√
Anuc/π cm and Anuc cm2 respectively. More generally, at some general time t mins

(where t > t∗01), the radius and area become
√
Anuc/π · 100(1 − e−t) and Anuc · [100(1− e−t)]2

respectively. Note that the assumption of infinitesimally small t∗0i − t0i implies that the inter-

val (t0i, t
∗
0i) will contain a general observation time t with zero probability, and allows us to

use the same distribution for t0i and t∗0i. Furthermore, according to (6), the total area covered

on the tray, by all three graphene islands in our example, at time t = 4.5 mins is therefore

S̃.(4.5) = S̃1(0, 4.5)+ S̃2(0, 4.5)+ S̃3(1, 4.5), where S̃1(0, 4.5), S̃2(0, 4.5) and S̃3(1, 4.5) are the areas

of the three shapes observed in the bottom right panel of Fig 3a.

Fig 3b shows the lack of smoothness along the profile of each island, resulting from the random

behavior of carbon atoms along the edge of each island. Since we will henceforth be concerned only

with aggregated measures, such as the total area covered on each tray, such detailed modeling of

the observed carbon atom behavior along the edge of each island will be unnecessary, and we will

only need to model the noisy behavior at the aggregated level.

We now state a result (proof in Appendix A1) which provides us with a closed-form expression

for the kinetics, q(t).

Theorem 3.1. Assuming the multiplicative model (4), the kinetics q(t) driving the growth on

a specific tray has the following form:

q(t) =
1√
Anuc

[
ξ′(t)−$′(t)

2
√
ξ(t)−$(t)

+ ϕ′(t)

]
(7)

for ξ(t) > $(t) at all times (t > 0), where

ξ(t) = E
(
S̃i(t0i, t)|t0i ≤ t

)
,

ϕ(t) = E

(√
S̃i(0, t0i)|t0i ≤ t

)
, and

$(t) = V ar

(√
S̃i(0, t0i)|t0i ≤ t

)
.

Remarks

(1) Note that the area forfeited at any time t by an island with nucleation time t0i, is given by

the difference Si(0, t) − Si(t0i, t). Thus, the quantity S̃i(0, t0i) under the square-root sign in

the expressions for ϕ(t) and $(t) can be interpreted as the forfeited area of the ith island at

its nucleation time t0i, when the random behavior of the edge carbon atoms is averaged out.

This is because Si(t0i, t0i) = 0 by definition.
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(2) The expectations in the expressions for q(t) and ϕ(t), and the variance in the expression for$(t)

are with respect to the distribution of the nucleation times, which we determine in Section 3.2.

(3) Under instant nucleation, S̃i(0, t) is the area covered by the ith island, when the random carbon

atom behavior at the edge of the island is averaged out. In a departure from our example,

S̃i(0, t) need not be implicitly defined through ṽi(θ, t) and the distribution of carbon atom

attachment/detachment; we can derive analytical expressions for S̃i(0, t) by first assuming

suitable models for E(Si(0, t)) and the nucleation time distribution f(t0i), and then setting

S̃i(0, t) = E(Si(0, t)). Note that in general we use S̃i(t0i, t) = E(Si(t0i, t)|t0i), so that we can

rewrite ξ(t) from the theorem above as

ξ(t) = E
(
S̃i(t0i, t)|t0i ≤ t

)
= E (Si(t0i, t)|t0i ≤ t)

(4) From Theorem 3.1 and the previous three remarks, it follows that in order to estimate q(t), we

need first to decide on suitable models for E(Si(0, t)), f(t0i) (the nucleation time distribution),

and E(Si(t0i, t)) (the expected graphene area for ith island at time at t, with random nucleation

time, t0i ∼ f(t0i)). These models are derived in Sections 3.1-3.3. While developing these

models, we make use of the models already proposed by Wu and Huang (2014) whenever

appropriate. Multiple model modifications which make uncertainty analyses possible and which

reflect more realistic conditions have additionally been proposed.

3.1. A model for E(Si(0, t))

Let S0
. (t) denote the graphene area on the tray under the assumption of zero nucleation times for

all islands on the tray (t0i = 0 ∀ i). From (5), we can write by substituting t0i = 0

S0
. (t) =

N(∞)∑
i=1

Si(0, t)

Applying the law of iterated expectations, we have that

E(S0
. (t)) = E(N(∞)) · E(Si(0, t)) ,

or

S̃i(0, t) = E(Si(0, t)) =
E(S0

. (t))

E(N(∞)
. (8)

In developing a model for E(S0
. (t)), we re-visit the model proposed by Wu and Huang (2014),

who noted that the area growth over the copper tray at time t (which we denote by S0(t)) is well

described by a confined exponential growth model, which is essentially the following first order

differential equation (ODE)
d

dt
{S0(t)} = α(S∗ − S0(t)) .

Solving the ODE uder the assumption of deterministic S0(t) then leads to the following expression

for the area

S0(t) = S∗(1− e−αt) . (9)
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Here, α > 0 is the parameter governing the expansion/growth on the tray, and S∗ is the area of

the copper tray (the maximum achievable area).

By assuming a constant number of islands, Wu and Huang (2014) implicitly assume zero nu-

cleation times for all the islands. It is thus natural to develop a model for E(Si(0, t)) from this

confined exponential model. Furthermore, note that the limiting (at infinite time) area according

to (9) is S∗, which indicates complete coverage of the tray. We relax this assumption and make an

adjustment for incomplete coverage. Denoting the graphene area on the tray under the assumption

of zero nucleation times for all islands on the tray as S0
. (t), now consider the following model for

the expected area

E(S0
. (t)) = E(S0

. (∞)) · (1− e−αt) , (10)

where α > 0 is the parameter governing the expansion/growth on the tray, and E(S0
. (∞)) is

the expected limiting area on that tray. By making the assumption that higher valued growth

parameters lead to more tray coverage, we further propose the following

E(S0
. (∞)) = (1− e−αω)S∗ , (11)

where ω > 0 is a parameter which governs the relationship between α and coverage. Consequently

from (10) and (11),

E(S0
. (t)) = S∗(1− e−αω)(1− e−αt) (12)

Substituting the expression for E(S0
. (t)) from (12) into (8), the final model for E(Si(0, t)) is thus

given by

S̃i(0, t) = E(Si(0, t)) =
(1− e−αω)S∗

E(N(∞))
(1− e−αt) . (13)

In the next section we develop a distribution for the nucleation times, f(t0i), and subsequently

obtain E(N(∞)).

3.2. A model for f(t0i), the nucleation time distribution

One model for f(t0i) stems from recognizing N(t) =
∞∑
i=1

1{t0i≤t} as a constrained birth process. By

proposing the poisson process N(t) ∼ PP (λj(t)) (where λ(t) is the underlying non-homogeneous

intensity function for the tray), we have that:

f(t0i) =
λ(t0i)
∞∫
0

λ(s)ds

(14)

Any choice of the intensity function will need to take the following consideration into account.

The appearance of a new graphene island depends on the proportion of area left untouched on the

tray at time t. The less the available area, the lower the number of islands that can appear. We

thus propose the following intensity function

λ(t) = βS∗
(
E(S0

. (∞))− E(S0
. (t))

E(S0
. (∞))

)
,
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where β is some positively valued parameter, S∗ is the limiting area on the tray according to (9),

and E(S0
. (t)) is given by (10). After substitution of our model for E(S0

. (t)) from (10), we have

that

λ(t) = βS∗e−αt

We can now obtain the nucleation time distribution as

f(t0i) = αe−αt0i which implies t0i ∼ Expo(α) (15)

where Expo(a) denotes the exponential distribution with parameter a.

Subsequently, we also obtain that

E(N(t)) =
βS∗

α
(1− e−αt) and E(N(∞)) =

βS∗

α
. (16)

This inverse relation between the average number of islands at infinite time, and the growth

parameter, matches the intuition that faster growth leaves less room for new islands to form, thus

resulting in a lower number of islands at infinite time.

3.3. A model for E(Si(t0i, t))

Based on the models derived in the last two sections, we can now develop a model for the expected

graphene area for a single graphene island, with random nucleation time, t0i ∼ Expo(α). In order

to achieve this, we first propose the following link between the expected graphene area on a tray

assumed to have instantaneous nucleation (E(S0
. (t))), and the expected graphene area on a tray

where such an assumption is absent (E(S.(t)))

E(S.(t)) = E(S0
. (t)) · Pr(t0i ≤ t) (17)

This formulation implies that on average, the area on a tray with random nucleation is determined

by the area on the same tray under zero nucleation times, down-weighted by the proportion of

islands which have nucleated. This allows us to recover E(S0
. (t)) under the specific case of zero

nucleation times, since Pr(t0i ≤ t) = 1 for all t in that case. Substituting the expression for

E(S0
. (t)) from (12) into (17), and noting that Pr(t0i ≤ t) = 1− e−αt, it follows that

E(S.(t)) = S∗(1− e−αω)(1− e−αt)2 . (18)

By defining Si(t0i, t) = 0, whenever t0i > t, and applying the law of iterated expectations on (5),

we obtain

E(S.(t)) = E(N(∞)) · E(Si(t0i, t)) .

Substituting (16) and (18) into the above expression, the final model for E(Si(t0i, t)) is given by

E(Si(t0i, t)) =
α(1− e−αω)

β
(1− e−αt)2 . (19)

11



3.4. Expressions for ξ(t), ϕ(t) and $(t)

Based on the models developed in Sections 3.1-3.3, we can now derive expressions for ξ(t), ϕ(t)

and $(t). By the law of total expectation, we know that

E(Si(t0i, t)) = E(Si(t0i, t)|t0i ≤ t) · Pr(t0i ≤ t) + E(Si(t0i, t)|t0i > t) · Pr(t0i > t) .

Since we defined Si(t0i, t) = 0, whenever t0i > t, we have that E(Si(t0i, t)|t0i > t) = 0, and thus,

ξ(t) = E(Si(t0i, t)|t0i ≤ t) =
E(Si(t0i, t))

Pr(t0i ≤ t)
=
α(1− e−αω)

β
(1− e−αt) . (20)

The last step follows from (19) and the fact that Pr(t0i ≤ t) = 1 − e−αt. In order to obtain

expressions for ϕ(t) and $(t), we first recall from (13), after plugging in the model for E(N(∞)),

that

S̃i(0, t) = E(Si(0, t)) =
α(1− e−αω)

β
(1− e−αt)

Now,

E(

√
S̃i(0, t0i)|t0i ≤ t) =

√
α(1− e−αω)

β

t∫
0

√
(1− e−αt0i) f(t0i)

Pr(t0i < t)
dt0i

=

√
α(1− e−αω)

β

t∫
0

√
(1− e−αt0i) αe−αt0i

(1− e−αt)
dt0i

=

√
α(1− e−αω)

β
· 2

3

√
(1− e−αt) after some manipulation ,

and

E(S̃i(0, t0i)|t0i ≤ t) =
α(1− e−αω)

β

t∫
0

(1− e−αt0i) f(t0i)

Pr(t0i < t)
dt0i

=
α(1− e−αω)

β

t∫
0

(1− e−αt0i) αe−αt0i

(1− e−αt)
dt0i

=
α(1− e−αω)

β
· 1

2
(1− e−αt) after some manipulation .

We can now write

ϕ(t) =
2

3

√
α(1− e−αω)

β

√
(1− e−αt) . (21)

and

$(t) =
1

2

α(1− e−αω)

β
(1− e−αt)− ϕ2(t) =

α(1− e−αω)

18β
(1− e−αt) . (22)

3.5. Modified expression for the kinetics

We are now in a position to obtain a closed-form expression of equation (7) for the kinetics q(t)

governing the graphene growth on the tray under the models for the shape, expected area and
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distribution of nucleation times developed in Sections 3.1-3.3. Based on the expressions in (7),

(20), (21) and (22), we obtain the following form for q(t):

q(t) =

(
1
3 +

√
17
72

)√
α3(1− e−αω)e−αt√

Anucβ (1− e−αt)
(23)

The role each term plays in the kinetics can now be clearly seen. As Anuc becomes smaller

one should expect the kinetics driving the growth process to a fixed maximum area to increase.

An increase in β should naturally lead to a decrease in the kinetics driving the growth of each

graphene island when all else is fixed. This is due to a decrease in the available space which each

island has to grow, as a result of higher expected number of islands. An increase in ω, which

signifies a higher overall limiting area, should natually lead to an increase in the kinetics as well.

Increasing α will generally lead to an increase in the kinetics, especially in the early stages of growth.

A simple example We now illustrate the effect of α on the proposed kinetics model with a simple

example. Assume we have three unique process conditions corresponding to α1 = 0.5, α2 = 1 and

α3 = 1.5. Suppose S∗ = 1 cm2, Anuc = 6.02 × 10−14 cm2, ω = 4 and β = 50. The plots of the

intensity functions and kinetics versus time are shown for the three different values of αj (Fig. 4).

(a) (b)

Fig. 4. Intensity and Kinetic plots based on a simple example.

In Fig. 4a, the intensity starts at β and rapidly declines with time for each value of α. Observe

that higher values of α decay much faster, leading to a lower final nucleation density overall. In

Fig. 4b, note that higher values of α lead to higher growth kinetics especially in the beginning,

when the copper trays are yet to be covered.
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4. Observational level model for experimental data

In the previous sections, we determined an expression for the kinetics driving graphene growth

under several parametric model assumptions. The next goal is to learn about those parameters from

experimental data, and thus we will need to propose a final observational level model for carrying

out inference on the parameters. If we can observe S.(t) at different time points t = t1, . . . , tnt
, then

the inference on the parameters is somewhat straightforward, and in Section 6, we propose a method

to estimate the kinetics under this scenario. However, in many situations, the data collection

mechanism prohibits observation of the whole tray, and there is therefore a need to account for the

extra noise generated at the observational level. In order to motivate the observational model, we

first briefly describe the experimental data.

4.1. Multi-resolution data

Graphene grown on copper substrate was monitored at a single process condition combination

(Temperature = 1050◦C, methane concentration = 60 ppm). At four time points during the growth,

5-8 non-overlapping images are taken at random locations on the copper tray. The resolutions of

the images differ, thus ensuring that the sizes of the images, at some baseline magnification, are

different. Fig. 5 shows a sample of the data, where each time point is represented.

Measuring the area of graphene in each image requires the use of image processing software

for conversion to binary form and then measurement. We made use of imageJ software in the

processing and Fig. 6 shows the sample from Fig. 5 after processing.

(a) 5 mins (b) 15 mins

(c) 30 mins (d) 45 mins

Fig. 5. A sample of the multi-resolution data.
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(a) 5 mins (b) 15 mins

(c) 30 mins (d) 45 mins

Fig. 6. A sample of the processed multi-resolution data.

4.2. A noisy observation model

From the description of the data and Fig. 5, it is evident that: due to merging of the islands, it

is clear that measurement of N(t) will be difficult, if not impossible, particularly at later stages of

the growth. Thus the parameter β will not be estimable from the data. What that means is that

we will know the kinetics, q(t) only up to some proportionality constant. Since our eventual goal

is to compare the kinetics under different process conditions, we do not lose anything if we make

ratio-based comparisons.

In order to develop a model which incorporates information from multiple resolutions, consider

the hypothetical state of a given tray, along with 5 images at different resolutions depicted in Fig.7.

Let us denote the measured graphene area covered in lth image on the tray at time t by ul,t,

and the area of that ith image by Ul,t. In Fig. 7, the area of a grey rectangle is Ul,t, and the sum

total of the black area within that rectangle is ul,t. Also denote the total area of all images on the

tray at time t as Uobst , and the corresponding non-observed area as Umist . Further denote the total

area covered by graphene in all images on the tray at time t as Sobs. (t), the unknown graphene

area in the unobserved portion as Smis. (t), and the number of images on the tray at time t as nt.

Recall that S.(t) is the total area covered by graphene on the tray at time t, and S∗ is the area of

the copper tray. Then,

Uobst =

nt∑
l

Ul,t, Umist = S∗ − Uobst , Sobs. (t) =

nt∑
l

ul,t, and Smis. (t) = S.(t)− Sobs. (t) .
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Fig. 7. A hypothetical copper tray at some time t. The grey rectangles represent sampled portions (im-

ages) of the tray and the black objects represent graphene islands. Smaller rectangles correspond to higher

resolutions/magnifications.

Note that {u1,t, u2,t, . . . , unt,t, S
mis
. (t)}, which we now denote by ut, defines a random partition

of S.(t), with Smis. (t) always missing/unobserved. On the other hand, {U1,t, U2,t, . . . , Unt,t, U
mis
t },

which we denote by Ut, defines a known partition of S∗.

We can now build a model for the observations by making the following considerations:

(i) Each ul,t/Ul,t should be an unbiased estimator of E(S.(t))/S
∗, based on the random location

of the images on the tray.

(ii) As Ul,t → ∞, the variance of ul,t/Ul,t should approach 0. On the other hand, as Ult → 0,

ult/Ult should increasingly exhibit bi-modality at 0 and 1, due to the clustering behavior of

the graphene islands.

(iii) The variance of ul,t/Ul,t should approach zero when E(S.(t))→ S∗ and when E(S.(t))→ 0.

These are the boundary conditions of the growth process.

(iv) Due to the clustering behavior of graphene islands, the correlation between any ul,t/Ul,t and

uk,t/Uk,t should be positive and decay with the distance between the images. This distance

can be defined in terms of the minimum distance between boundary points of the two images.

In the absence of spatial information, this final consideration can be ignored based on a

simplifying assumption of zero correlation, at the risk of underestimating the uncertainty in

the model.

Based on considerations (i) - (iii), we propose the following:

ul,t
Ul,t
∼ Beta

(
νUl,t

E(S.(t))

S∗
, νUl,t

(
1− E(S.(t))

S∗

))
, (24)
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where ν is an unknown parameter which scales the influence of each Ul,t on the variance, so that

any rescaling of all Ul,t’s will have no effect, since 1/ν will be rescaled as well. Relatively high values

of ν, for fixed Ul,t, result in ul,t very close to its expected value for all {l, t}, and is appropriate

for situations where clustering behavior is not expected. Relatively low values, on the other hand,

represent situations where clustering is the norm, as in the case of graphene growth. The parameter

ν thus provides some useful information about clustering behavior exhibited in the data.

By plugging in the model for E(S.(t)) from (10), (11), (15) and (17), we can now write the full

hierarchical data generating model for the observed area as

ul,t
Ul,t
∼ Beta

(
νUl,t(1− e−αω)(1− e−αt)2, νUl,t

(
1− (1− e−αω)(1− e−αt)2

))
,

(ν, ω, α) ∼ Π(ν, ω, α) ,

(25)

where Π(·) represents some specified distribution.

5. Estimation and Results

5.1. Bayesian estimation

We denote the data by D and the parameters by φ, noting that D ≡ ({ul,t}, {Ul,t}) and φ ≡

(ν, ω, {α}). Our goal is to draw posterior samples for q(t) through posterior samples from Π(φ|D).

After obtaining posterior samples for q(t) through posterior samples from Π(φ|D), we can estimate

q(t) by its posterior mean q̂(t) and obtain the posterior intervals as a measure of the uncertainty

of estimation (see Gelman et al. (2003) for more on Bayesian inference).

(a) Proportion covered over time. The circles are

ul,t/Ul,t, the red squares are Sobs
. (t)/Uobs

t , the solid

line is the estimated E(S.(t))/S
∗, and the broken

lines are 95% posterior intervals.

(b) The estimated kinetics along with 95% posterior

intervals (assuming β = 1).

Fig. 8. Intensity and Kinetic plots based on a simple example.
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Table 1. Posterior statistics for the kinetics

parameters

parameters estimates lower upper

ν 94.61 50.56 165.15

ω 8.82 5.87 12.90

α 0.16 0.13 0.21

We first assume a flat hyper-prior distribution for the log-transformed parameters so that the

posterior estimates correspond with the maximum likelihood estimates. i.e.,

Π(log(ν), log(ω), log(α)) ∝ 1 .

Table 1 shows the posterior estimates for the parameters, and Fig. 8 shows the fitted model and

kinetics (where for the sake of plotting the shape, we have assumed β = 1). The posterior samples

are obtained using the MCMCpack package (Martin et al., 2011) in R, and the diagnostic plots are

shown in Appendix A2.

5.2. Sensitivity to sampling design

Based on the estimated observation model, we are also interested in determining the sensitivity

of the estimation procedure to the choice of sampling design. Specifically, we would like to know

if and how the number of images, the similarity of resolutions across images, the number of time

points chosen, and the percentage of missing data (unobserved tray portion) affect inference. This

information will be used in designing optimum sampling plans for new experiments.

In determining the effect of the above sampling factors, we turn to simulations. In the simula-

tions, we assume the data generating model is the same model given in (24) and is estimated using

the Bayesian methodology as described in Section 5.1. We also assume the following sampling

design features:

(a) The number of time points is nt, and nt ∈ 4, 5, . . . , 40. Note that we select equi-spaced time

points on the log scale, so as to finely capture the initial moments of the growth process.

(b) The fraction of missing data, Umist /S∗, is ρmis, and ρmis ∈ [0.1, 0.99].

(c) The number of images is np at each time point, and np ∈ 4, 5, . . . , 20.

(d) The image sizes follow a Dirichlet distribution, i.e.,

(U1,t, U2,t, . . . , Unp,t) ∼ Dirichlet(γ · 1np
),

where 1np
denotes a vector of 1’s, of length np. Note that increasing γ increases the similarity of

resolutions (i.e. the balance of sizes across images at time t). We assume that log(γ) ∈ [0.5, 2.5].
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A full factorial design for the four factors listed above is computationally expensive due to

the curse of dimensionality. For instance, a full factorial design for four factors at ten levels

each requires 104 runs. In order to reduce the number of runs, while maintaining space filling

properties for each factor and , we make use of approximate Latin Hypercube Sampling (LHS)

designs (McKay, 1992; McKay et al., 1979), with the approximation due to integer rounding for

the discrete factors. Specifically, we generate a 600-run LHS design for the four factors above,

using the SLHD package (Ba, 2015) in R.

The metric we use to determine sensitivity at each run is the posterior RMSE (root mean square

error) defined as

RMSE =

√√√√ 1

ntM

nt∑
k=1

M∑
m=1

(q̂m(tk)− q(tk))
2

where M(= 5) denotes the number of replications at each factor combination. Since LHS designs

generate irregularly spaced domain points, some smoothing is needed to interpolate unsampled

domain points on a grid. In order to produce all two factor interactions, we apply a kriging

interpolator on the calculated posterior RMSE for each two factor combination using the geoR

package (Jr and Diggle, 2015) in R, using the default matérn covariance function. All the two

factor interaction plots are shown in Fig. 9.

Remarks

(1) Fig. 9a, 9b and 9c, which depict the two-factor joint effect of the number of time points

(nt = 4, . . . , 40) with the other factors, suggest that a higher number of time points will in

general lead to better inference.

(2) Fig. 9a, 9d and 9e, which depict the two-factor joint effect of the fraction of missing data

(ρmis ∈ [0.1, 0.99]) with the other factors, suggest that a lower fraction of missing data will

also lead to better inference. In fact, judging from the plots, the fraction of missing data

seems to be the most relevant factor in how good the inference procedure will be, and its effect

changes depending on the values of the other factors.

(3) Fig. 9c, 9e and 9f show the two-factor joint effect of the number of images (np ∈ 4, 5, . . . , 20)

with the other factors. The plots, especially Fig. 9e, suggest that a lower number of images

generally leads to slightly improved inference, with the effect of the number of images being

somewhat weak in comparison to the effect of the other factors.

(4) Fig. 9b, 9d and 9f show the two-factor joint effect of the resolution balance (log(γ) ∈ [0.5, 2.5])

with the other factors. Fig. 9b does not yield much information, but the other two plots

(especially Fig. 9d) imply that inference improves with more balanced resolutions across the

images.
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(a) (b)

(c) (d)

(e) (f)

Fig. 9. All two factor interactions for (nt, ρmis, γ, np). Darker shades represent smaller RMSEs (i.e. lower

estimation uncertainty), and are desirable.
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Judging from the plots in Fig. 9, the fraction of missing data seems to be the most important

factor, followed by the number of time points, the number of images and the resolution balance

across the images. Combining this with the four interpretations above, we thus recommend ob-

serving the whole tray at as many time points as possible. If observation of the entire tray is not

feasible, then the observable region should be partitioned into as few images as possible, while

those images should be at approximately the same resolution.

6. Discussions and future extensions

In this paper, we have developed a stochastic framework for understanding the kinetics driving

graphene growth by proposing models for the observed shape, time-varying area of each individual

island, as well as the nucleation time distribution, while ensuring each component model reflects

practical considerations and expectations. The resulting inference and sensitivity analyses show the

stability of the model, and suggest some new sampling designs for graphene growth experiments.

We now propose a couple of model extensions/modifications for richer experimental datasets.

6.1. Observational model for entire tray

If instead of ul,t, we observe S.(t) as per our recommendation in Section 5.2, then we can update

the observational level model based on the following considerations

(i) S.(t) should be non-decreasing over time.

(ii) The variance of S.(t) should approach zero when E(S.(t)) → S∗ and when E(S.(t)) → 0.

These are the boundary conditions of the growth process.

(iii) The models proposed in Sections 3.1-3.3 remain valid.

We can thus propose
S.(t)

S∗
|S.(∞) ∼ S.(∞)

S∗
·DP

(
ν, (1− e−αt)2

)
,

S.(∞)

S∗
∼ Beta

(
ν(1− e−αω), νe−αω

)
,

(26)

where DP (ν,H(·)) denotes the Dirichlet process distribution with concentration parameter ν and

base function H(·). This observational level model captures the random behavior of carbon atom

attachment to the edges of graphene islands, as well as ensuring that temporal dependence is

accounted for. It is thus recommended for inference when the whole tray is observed.

6.2. Growth as a function of process conditions

We can expand the component models to include covariate information, representing the different

process conditions (e.g., growth temperature, methane flow rate, and ambient pressure). We can

do this by first considering graphene growth on multiple trays, and introduce an extra index,
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j ∈ {1, . . . , J}, representing each tray. We then explicitly connect each tray specific α with Xj ,

the vector of covariates describing the process condition for tray j. i.e., we use αj = α(Xj), some

positively valued function of the covariates Xj for tray j. We can then write qj(t) as q(t|Xj) by

simply replacing αj with α(Xj), thus explicitly showing the dependence of the kinetics on the

process covariates Xj .

Since αj > 0, one natural way of modeling α(Xj) is to use the log-linear model,

log(α(Xj)) =

K∑
k=1

ak · bk(Xj)) .

where the basis functions bk(·) can be determined through some exploratory data analysis.

It is our expectation that future experimental data will lead to improvements on the component

models, especially the log-linear model for α(·). Future research directions include designing and

evaluating experiments to obtain graphene data, along with process condition information.
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8. Appendix

Appendix A0: Glossary of notations

gi(θ) → the random shape of island i on the copper tray.

q(t) → the kinetics driving the growth on the tray.

We denote Q(t) =
t∫
0

q(s)ds and define Q(0) = 0.

t0i → the nucleation time of island i on the tray.

vi(θ, t) → the angular dependent growth velocity of island i.

N(t) → the (random) number of islands on the tray at time t.

Si(t0i, t) → the area covered by island i with nucleation time t0i, by time t.

S.j(t) → the total area covered by the graphene islands on the tray by time t.

Note that S.(t) =
∞∑
i=1

Si(t) · 1{t0i≤t} =
N(∞)∑
i=1

Si(t) · 1{t0i≤t} =
N(t)∑
i=1

Si(t)

where 1{t0i≤t} is the usual indicator function and N(t) =
∞∑
i=1

1{t0i≤t}.

S0
. (t) → the total area covered by the graphene islands on the tray by time t,

when t0i = 0 for every i.

ri(θ, t0i, t) → the length/distance from the edge of the ith island with nucleation

time t0i, to its center, at a specific angle θ and time t (for a circular island

shape, this is simply the radius at time t).

Also note that ri(θ, t0i, t) = 0 if t0i > t (as implied by Wu and Huang (2014)).

ṽi(θ, t) → the angular dependent growth velocity of island i on the tray for

the average growth process (i.e., averaging out the random behavior of

carbon atom attachment/detachment). Recall that we assumed

ṽi(θ, t) = gi(θ)q(t).

r̃i(θ, t0i, t) → the length/distance from the edge of the ith island with nucleation

time t0i, to its center, at a specific angle θ and time t, after averaging out

the random carbon atom attachment/detachment.

r̃i(θ, t0i, t) =
t∫
t0i

ṽi(θ, s)ds.

S̃i(t0i, t) → the average area covered by island i with nucleation time t0i, by time t

i.e. averaging out the random behavior of carbon atom attachment/detachment.

Note: S̃i(t0i, t) = E(Si(t0i, t)|t0i), and S̃i(t0i, t) = 1
2

2π∫
0

r̃2i (θ, t0i, t).
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Appendix A1: Proof of Theorem 3.1

Given t0i ≤ t for ith graphene island on the copper tray, we can write

d
dt S̃i(t0i, t) = 1

2
d
dt

2π∫
0

r̃2i (θ, t0i, t)dθ

=
2π∫
0

ṽi(θ, t)

(
t∫
t0i

ṽi(θ, s)ds

)
dθ

=

(
2π∫
0

g2i (θ)dθ

)
q(t)

t∫
t0i

q(s)ds

= 2Anuc · q(t)
t∫
t0i

q(s)ds

Now integrating both sides with respect to time t, we obtain

S̃i(t0i, t) + Const = 2Anuc

[
1

2
Q2(t)−Q(t0i)Q(t)

]
.

When t = t0ij , we have S̃i(t0i, t) = 0 and thus

Const = −2Anuc

(
1

2
Q2(t0i)

)
so that S̃i(t0i, t) = Anuc [Q(t)−Q(t0i)]

2
. Since Q(0) = 0, we also get S̃i(0, t0i) = AnucQ

2(t0i),

which implies that

Q(t0i) =

√
S̃i(0, t0i)

Anuc
.

The conditional mean for S̃i(t0i, t) is given as

E(S̃i(t0i, t)|t0i ≤ t) = Anuc · E
(

[Q(t)−Q(t0i)]
2 |t0i ≤ t

)
= Anuc ·

[
(Q(t)− E(Q(t0i)|t0i ≤ t))2 + V ar(Qj(t0i)|t0i ≤ t)

]
.

Denoting

ξ(t) = E(S̃i(t0i, t)|t0i ≤ t) ,

ϕ(t) =
√
Anuc · E(Q(t0i)|t0i ≤ t) = E(

√
S̃i(0, t0i)|t0i ≤ t) , and

$(t) = Anuc · V ar(Q(t0i)|t0i ≤ t) = V ar(

√
S̃i(0, t0i)|t0i ≤ t) ,

We can now write

Q(t) =
1√
Anuc

[√
ξ(t)−$(t) + ϕ(t)

]
and q(t) =

1√
Anuc

[
ξ′(t)−$′(t)

2
√
ξ(t)−$(t)

+ ϕ′(t)

]

completing the proof.
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Appendix A2: Diagnostic plots

Fig. 10. 10000 MCMC draws for each variable after discarding the burn-in. The plots indicate good mixing.

Fig. 11. The Geweke plots mostly appear to indicate stationarity has been achieved.
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