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Abstract

Dimensional accuracy is a key control issue in direct 3D printing. Part shrinkage due

to material phase changes often leads to final shape deviations, requiring extra post-

machining steps for correction. Shrinkage has traditionally been analyzed through finite

element simulation and experimental investigations. Systematic models for accuracy

control through shrinkage compensation are hardly available, particularly for complete

control of all local features. To fill the gap for direct printing and compensate shape

shrinkage, we develop a new approach to (1) model and predict part shrinkage, and

(2) derive an optimal shrinkage compensation plan to achieve dimensional accuracy.

The developed approach is demonstrated both analytically and experimentally in a

stereolithography process, one of the most widely employed 3D printing techniques.

Experimental results demonstrate the ability of the proposed compensation approach

to achieve an improvement of one order of magnitude in reduction of geometric errors

for cylindrical products.
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1 Introduction

Additive manufacturing, or 3D printing, refers to a class of technologies for the direct fab-

rication of physical products from a 3D CAD model by a layered manufacturing process.

In contrast to material removal processes in traditional machining, the 3D printing process

adds material layer by layer to construct products. This technique theoretically enables

the direct printing of products with extremely complex geometry. Geometric complexity

does not affect building efficiency, and so no extra effort is necessary for molding construc-

tion or fixture tooling design, making 3D printing one of the most promising manufacturing

techniques [1–4].

Despite these promising features, dimensional accuracy control remains a major bot-

tleneck for application of 3D printing in direct manufacturing. Material solidification is

generally involved during layer formation, and this phase change from liquid to solid in-

evitably leads to shape shrinkage, a major root cause of shape inaccuracy [5]. Shrinkage

control is crucial to overcome the barrier of dimensional accuracy in 3D printing.

To predict the final product shape in 3D printing, finite element analysis (FEA) has

long been employed, for example, to simulate the structural shrinkage (using a linear elastic

model [6]), or the complete photopolymerization, mass, and heat transfer process through

a comprehensive kinetic model [7]. However, the FEA method is limited by inadequate

physical understanding, and the trade-off between accuracy and computational complexity.

In addition, the large number of model parameters are difficult to acquire accurately in

practice and the model complexity reduces its practicality in direct and efficient control of

shape accuracy.

Empirical models have also been developed to reduce shrinkage through optimization of

process parameters such as light intensity, exposure time, and layer thickness. Response

surface modeling was adopted to optimize shrinkage at different directions [8] or to optimize

building parameters to achieve the trade-off between accuracy, building speed, and surface

finish [9]. Designed experiments were used in [10] to decrease distortion and increase flatness.
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The limitation of this line of research is that, it only controls or reduces the average shape

shrinkage at best.

To control detailed features along the boundary of the printed product, Tong et al.

[11,12] changed the CAD design to compensate for shrinkage, and used polynomial regression

models to analyze the shrinkage in X, Y, and Z directions separately. However, prediction

of deformation based on the shift of individual points is independent of the geometry of the

product, which is not consistent with the physical manufacturing process.

Our primary goal is two-fold: (1) to model and predict the final product shape or shrink-

age based on experimental data, and (2) to compensate detailed local product shrinkage

through design changes. A general description of models used to represent shape shrinkage,

their empirical relation with the process, and shrinkage compensation is presented in Sec-

tion 2. Section 3 demonstrates and validates the developed methods through experimental

investigation of cylindrical parts. As we shall see, our model-building approach leads to an

effective compensation strategy for cylindrical products, which perhaps can be extended to

other shapes and different 3D printing processes.

2 Shrinkage Representation and Modeling

2.1 Shrinkage Representation

Suppose a product has an intended shape ψ0 and actual shape ψ. Shrinkage can naturally

be described as ∆ψ = ψ − ψ0, where we have the choice of characterizing shape ψ either in

the Cartesian coordinate system using coordinates (x, y, z) or in the polar coordinate system

using (r, θ, z). The polar coordinate system representation is preferred as it greatly facilitates

modeling and design in our study.

For illustrative purposes, we first introduce a two-dimensional definition of shrinkage.

Under the assumption that the center is well-defined, the boundary of a two-dimensional

shape can be represented by a function r0(θ) denoting the nominal radius at angle θ. For
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Figure 1: Shapes generated by different functional forms r0(θ)

example, the function r0(θ) = r0 for all θ defines a circle, and r0(θ) = 2(1− sin θ cos θ) and

r0(θ) = 2
(
1−sin(0.5θ)

)
for 0 ≤ θ ≤ 2π define the shapes in the left and right panels of Figure

1, respectively. The actual radius at angle θ is a function of θ and r0(θ) and is expressed as

r(θ, r0(θ)). The difference between the actual and nominal radius at an angle θ is essentially

what defines the shrinkage ∆ψ at θ. Therefore, for a two-dimensional shape, shrinkage ∆ψ

in the 3D printing process can be conveniently represented as

∆r(θ, r0(θ)) = r(θ, r0(θ))− r0(θ). (1)

Like other manufacturing processes, the center of the product normally coincides with the

origin of the part coordinate system defined by CAD software. For the convenience of

building and measuring parts, we can also choose the center to be the origin of the machine

or inspection coordinate system.

It is easy to extend the aforementioned definition of shrinkage to three dimensions by

introducing a variable z which represents the third coordinate. The nominal radius on the

boundary is now a function of θ and z, and can be represented by the function r0(θ, z).

As shown in Figure 2, the shape ψ is now specified by the function r(θ, r0(θ, z), z) at the
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boundary, and the shrinkage can be represented as

∆r(θ, r0(θ), z) = r(θ, r0(θ, z), z)− r0(θ, z). (2)

(a) Polar coordinate representation (b) Shrinkage under polar coordinates

Figure 2: Shrinkage representation under the polar coordinate system

The Cartesian representation has been previously studied in the literature [11,12]. It faces

a practical issue of correctly identifying shape deviation. As shown in Figure 2(b), for a given

nominal point A(x, y, z), its final position A′ is difficult to identify after shrinkage. A practical

solution is to fix the x or y coordinate and study the deviation of the other coordinate (∆x

or ∆y in Figure 2(b)). Choice of either direction could lead to different shrinkage results.

Another method is to study shrinkage along three directions separately [11, 12]. But the

apparent correlation of shrinkage among the three directions cannot be captured, potentially

leading to prediction error.

In contrast, our definition of radius deviation naturally captures shrinkage and is conve-

nient for visualizing shrinkage patterns. For example, suppose the ideal shape is a perfect

circle (solid-line in Figure 3) and the final product’s shape is an ellipse (dashed-line). Plot-

ting the shrinkage at each angle leads to a visualization of systematic spatial patterns (Figure

3(b)) amenable to analysis. The essence of this representation is to transform various geomet-

ric shapes into profiles so that a generic formulation of product shrinkage is achieved. This
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transformation helps reduce the geometric complexity in the modeling of shape shrinkage.
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Figure 3: (a): Ideal circular shape (solid-line) vs. the actual shape (dash-line) (b): Visualization
of shrinkage patterns

2.2 Shrinkage Process Modeling

Our ultimate goal is to change the CAD input r0(θ, z) to compensate for product shrink-

age. Therefore, we model the shrinkage process to understand the functional dependence of

shrinkage ∆r(θ, r0(θ, z), z) on θ, z, and the nominal radius r0(θ, z). For notational conve-

nience, we denote this function by f(θ, r0(θ, z), z). If the in-plane (x-y) shrinkage error is of

primary interest (as is the case in this study), coordinate z can be ignored. Consequently,

as in (1), in our subsequent discussion we represent shrinkage by the function f(θ, r0(θ)).

Note that compensation applied through changes to the CAD model assumes that pro-

cess building parameters (e.g., light intensity) are optimized, in the sense that the average

shrinkage is more or less under control, and close to target. The local geometric accuracy is

therefore of major concern. With this in mind, we further decompose the process shrinkage
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function f(θ, r0(θ)) into three components:

f(θ, r0(θ)) = f1(ψ) + f2(θ, r0(θ)) + εθ. (3)

The three components of the above equation are defined and interpreted as follows:

1. Function f1(ψ) represents average shrinkage or trend independent of location variable

θ, and is constant for a given shape ψ. Geometrically, the area or volume of a shape is

obtained by integrating r0(θ) over the space of θ, eliminating the location-dependent

variable θ. Physically, it describes the uniform shrinkage for the 3D printing process.

As stated before, shrinkage is caused both by the phase change of resin and temperature

changes before and after the exothermic photopolymerization reaction. The overall or

average shrinkage can be related to the volumetric change of the product.

2. Function f2(θ, r0(θ)) is the location-dependent shrinkage in addition to the trend. Fol-

lowing the same reasoning as above, this location-dependent term is geometrically and

physically related to r0(θ).

3. Term εθ represents high frequency components that add on to the main harmonic trend.

We can also interpret f1(·) as a lower order term and f2(·, ·) as a higher order component of

the shrinkage function.

The cylinder example in Figure 3 is a perfect demonstration of model (3). In this example,

r0(θ) = r0 for all θ, so f1(·) is a function of r0 only, and f2(·, ·) is a function of both r0 and

θ. Decomposition of shrinkage into lower and higher order terms reduces equation (3) to the

following form:

f(θ, r0(θ)) = c+
∑
k

{ak cos(kθ) + bk sin(kθ)}+ εθ (4)

where f1(ψ) = c, and {ak}, {bk} are coefficients of a Fourier series expansion of f2(·, ·). Note

that c, {ak}, and {bk} are functions of r0. Among the coefficients {ak} and {bk} in the Fourier
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series, terms with small k represent low-frequency geometric change, while high-frequency

terms represent the surface roughness of the product, which is not the primary issue at the

present stage.

2.3 Compensation Modeling

We aim to reduce shrinkage of manufactured products by direct compensation to the CAD

model. Specifically, we revise the CAD model according to predictions of shrinkage, ob-

tained through an understanding of the effect of compensation to the boundary of the CAD

model. Under the polar coordinates system, a compensation of x(θ) units at location θ can

be represented as an extension of the product’s radius by x(θ) units in that specific direc-

tion θ. Clearly, we want an optimal compensation function that results in elimination of

systematic shrinkage at all angles. To obtain such a function, we need to extend model (3)

to accommodate the effect of compensation.

We first generalize the notation in equation (1) as follows: let r(θ, r0(θ), x(θ)) denote

the actual radius at angle θ when compensation x(θ) is applied at that location. Assuming

that the dynamics of the manufacturing and shrinkage processes remain the same under

compensation as compared to the entire process without compensation, and noting that the

nominal radius at angle θ with a compensation of x(θ) is r0(θ) + x(θ), we can write:

r(θ, r0(θ), x(θ))− (r0(θ) + x(θ)) = f(θ, r0(θ) + x(θ)),

where f(·, ·) is given by (3). Consequently, the shrinkage at an angle θ is

∆r(θ, r0(θ), x(θ)) = r(θ, r0(θ), x(θ))− r0(θ)

= f(θ, r0(θ) + x(θ)) + x(θ). (5)

Note that f(θ, r0(θ)) defined earlier equals f(θ, r0(θ)+0)+0, and ∆r(θ, r0(θ)) is ∆r(θ, r0(θ), 0)
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here. Most 3D printing scenarios have compensation x relatively small in comparison to the

nominal radius r0(θ) (normally 1% to 2%), and so this model can be simplified by a first

order approximation of E[∆r(θ, r0(θ), x(θ))|θ] at each location θ and keeping the first and

second terms of the Taylor expansion at point r0(θ). Defining g(·, ·) = E
[
f(·, ·)|θ

]
, we have

from (5) that

E[∆r(θ, r0(θ), x(θ))|θ] = g(θ, r0(θ) + x(θ)) + x(θ)

≈ g(θ, r0(θ)) + g′(θ, r0(θ))x(θ) + x(θ). (6)

where g′(θ, r0(θ)) is the derivative with respect to r0(θ).

The shrinkage model when no compensation is applied is a special case of (6) when x(θ) =

0 for all θ. Equating E[∆r(θ, r0(θ), x(θ))|θ] to zero, the optimal compensation function x∗(θ)

can be obtained as

x∗(θ) = − g(θ, r0(θ))

1 + g′(θ, r0(θ))
. (7)

3 Shrinkage Modeling and Compensation for Cylin-

ders

We now demonstrate how the general modeling and compensation strategy can be applied

to a cylinder product. In Section 2.2, we noted that r0(θ) = r0 for all θ for the cylinder, and

proposed decomposition model (4) for f(θ, r0). Several physical experiments were conducted

to fit a reasonable, parsimonious decomposition model using harmonic terms in (4) that make

significant contributions. We first introduce the 3D printing technique used to construct the

products, and then construct the shrinkage model for cylinders using measurement data from

our experiments.
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3.1 Manufacturing Process

The generalized 3D printing process is shown in Figure 4. A 3D model is first built in the

computer by CAD software. Next, a specialized program slices the CAD model into several

cross sections (STL format files) according to the predesignated thickness of each layer, so

that the 3D printing machine can construct each layer sequentially. Each layer’s construction

is analogous to printing of an image with a particular thickness, explaining this technique’s

name. After all layers have been printed, the final product will have the same dimension as

the original CAD model.

Figure 4: The generalized procedure of 3D print-
ing. Figure 5: Mask projection SLA, from [13]

Stereolithography (SLA), patented in 1988, is the first commercialized technique for 3D

printing [14]. We demonstrate our methodology using a variant of the SLA process, Mask

Image Projection SLA (MIP-SLA). As seen in Figure 5, the MIP-SLA machine has liquid

resin stored in a tank configured with a platform that can move vertically precisely. During

the printing process, the surface of the resin is exposed to light, which triggers the resin

solidification. Control of light exposure area and intensity is through a digital micromirror

device (DMD) that receives commands from STL files for each layer. The platform in the

tank moves down with the predefined thickness for printing the next layer when the previous

layer is solidified.
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We are using a commercial MIP-SLA platform, the ULTRA® machine from EnvisionTec,

to conduct all experiments. Specification of the manufacturing process is shown in Table 1.

When the manufacturing process is completed, the upper boundary of the final product is

Height of the product 0.5′′

Thickness of each layer 0.004′′

Resolution of the mask 1920 ∗ 1200
Dimension of each pixel 0.005′′

Illuminating time of each layer 9s
Waiting time between layers 15s
Type of the resin SI500

Table 1: The specific parameters of the MP-SLA process

measured by the Micro-Vu vertex measuring center, and the measurement data is converted

to polar coordinates for shrinkage modeling.

Four cylinders of radius r0 = 0.5′′, 1′′, 2′′, and 3′′ are manufactured and measured

according to the procedure described above. The plot of the deformations for a sample of

approximately 700 angles in each cylinder (each separated by approximately 0.01 radian) is

displayed in Fig. 6.

3.2 Constructing the Model

Following the discussion in Section 2.2 and equation (4), an observation of Figure 6 (left

panel) leads to the following choice of the following functional form for shrinkage as a special

case of equation (4):

f(θ, r0) = cr0 + ar0 cos(2θ) + εθ (8)

for each cylinder of nominal radius r0. Here, εθ ∼ N(0, σ2) independently, and represents

high frequency components adding on the main harmonic trend. When we fit this model,

we use the finite subset of angles θ1, . . . , θn for each cylinder as described above, which may

make our assumption regarding the independence of error terms more tenable if correlations

among neighboring angles die out very quickly as a function of their separation (in radians).
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Figure 6: Shrinkages for r0 = 0.5′′, 1′′, 2′′, 3′′,
no compensation applied
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Figure 7: Posterior predictive distribution for
r0 = 0.5′′, 1′′, 2′′, 3′′, no compensation applied

In consideration of the location-irrelevant model describing shrinkage by temperature and

phase changes, the volumetric shrinkage should be proportional to the entire volume of the

product based on the knowledge of heat transfer literature. Assuming that the height of the

cylinder, h, in the z direction remains unchanged, the expected volumetric shrinkage is

h
{

(r0 + ∆r)2 − r20
}
∝ hr20.

The radial shrinkage ∆r is considerably less than the nominal radius r0, leading to the

approximation ∆r ∝ r0. Thus, we model

cr0 = αra0
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where the parameter a should be approximately 1. Similarly, we model

ar0 = βrb0

to describe the location-relevant deformation, with b also approximately 1 as well. To sum-

marize, the first parametric shrinkage model we consider fitting for a cylinder product is

∆r(θ, r0) = αra0 + βrb0 cos(2θ) + εθ, (9)

with α, β, a, b, and σ all independent of r0.

3.3 Estimation of Model Parameters

As we possess prior engineering knowledge regarding parameters a and b, we implement a

Bayesian procedure to draw inferences on all parameters α, β, a, b, and σ. In particular,

we assume

a ∼ N(1, 22), b ∼ N(1, 12),

and we place flat priors on α, β, and log(σ), with all parameters independent a priori.

We calculate the posterior distribution of the parameters by Markov Chain Monte Carlo

(MCMC), and summarize the marginal posteriors by taking the mean, median, standard

deviation, and 2.5% and 97.5% quantiles of the posterior draws.

The MCMC strategy used here is Hamiltonian Monte Carlo (HMC): the logarithm of

the posterior is differentiable, and so an MCMC strategy such as HMC which uses the

gradient of the log posterior can be expected to perform better than a generic Metropolis-

Hastings or Gibbs algorithm, in terms of yielding high quality draws with minimal tuning

of the algorithm [15]. The mass matrix was chosen as the negative of the Hessian of the log

posterior at the posterior mode, the leapfrog step size was 0.3, and the number of leapfrog

steps was 50. We obtained 1000 draws from the posterior distribution of these parameters
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after a burn-in of 500 draws. Convergence was gauged by analysis of ACF and trace plots

of the posterior draws, and the effective sample size (ESS) and Gelman-Rubin statistics [16]

for these parameters were calculated by using ten independent chains of draws, each having

1000 draws after a burn-in of 500. Summary statistics in Table 2 below suggest that we have

effectively sampled from the joint posterior of the parameters.

Table 2: Summary of posterior draws

Mean SD 2.5% Median 97.5% ESS Gelman-Rubin

α −0.0047 4.063× 10−5 −0.0048 −0.0047 −0.0047 7713.878 1
β 0.0059 6.847× 10−5 0.0058 0.0059 0.0060 8810.248 1
a 1.566 0.0084 1.5498 1.566 1.5819 7882.552 1
b 1.099 0.0120 1.0755 1.099 1.1232 8981.86 1
σ 0.0019 2.503× 10−5 0.00185 0.0019 0.00195 8513.814 1

A simple comparison of the posterior predictive distribution of shrinkages to the observed

data (Figure 7) demonstrates the fit for this model. In this figure, bold solid lines denote

posterior means, and dashed lines denote the 2.5% and 97.5% posterior quantiles of the

shrinkage for each angle, with colors denoting the cylinder radius. We see that this fit

captures shrinkages for radius 1′′, 2′′, and 3′′ cylinders fairly well, but does not provide

a good fit for the 0.5′′ radius cylinder: the observed data for this particular cylinder are

consistently located too far away from the posterior mean, in consideration of its posterior

quantiles.

In fact, if we fit the model in (9) for all cylinders except the 0.5′′ cylinder, we still obtain

a good fit for the remaining cylinders, as seen in Figure 8. The posterior distribution of the

parameters for this fit is summarized in Table 3. Note that the posterior mean and median

of σ are now much smaller than before, and that the posterior standard deviations of all

parameters decrease. Furthermore, the observed data better correspond to the posterior

quantiles in Figure 8 as opposed to Figure 7. These considerations suggest that the model

does not capture the data for the 0.5′′ radius cylinder, so that including this cylinder in our

fitting procedure only served to increase the variance of our parameters. However, the poste-
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rior mean of a is 1.4, which doesn’t correspond with our previous analytical considerations.

A possible reason for this discrepancy, and an improvement of this model, are discussed in

Section 3.6. For now, we propose model (9) as the conjectured shrinkage model when no

compensation is applied to a cylinder product, with the understanding that this model will

be verified by more comprehensive physical experiments.
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Figure 8: Posterior predictive distribution for r0 = 1′′, 2′′, 3′′, no compensation applied

Table 3: Summary of posterior draws, excluding 0.5′′ radius cylinder

Mean SD 2.5% Median 97.5% ESS Gelman-Rubin

α −0.0056 2.792× 10−5 −0.0057 −0.0056 −0.00556 10002.67 1
β 0.0058 4.306× 10−5 0.00575 0.00584 0.00592 8908.08 1
a 1.400 0.00496 1.390 1.400 1.4098 8537.357 1
b 1.114 0.00767 1.100 1.1139 1.1301 8674.559 1
σ 0.00101 1.574× 10−5 0.000977 0.00101 0.00104 8997.69 1
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3.4 Compensation Model for the Cylinder

Substituting f(θ, r0) for the cylinder from equation (9) into the general compensation model

(5), we have the predicted expected shrinkage as

Ê[∆r(θ, r0, x(θ))|θ] = x(θ) + α̂{r0 + x(θ)}â + β̂{r0 + x(θ)}b̂ cos(2θ), (10)

where α̂, β̂, â and b̂ denote the Baye’s estimators of model parameters α, β, a and b respec-

tively. Further approximation by the first and the second terms of the Taylor expansion at

point r0 yields

Ê[∆r(θ, r0, x(θ))|θ] ≈ α̂râ0 + β̂rb̂0 cos(2θ) + {1 + âα̂râ−10 + b̂β̂rb̂−10 cos(2θ)}x(θ). (11)

This formula then serves as the conjectured compensation model for cylinders. Equation

(11) technically serves as a description of the predicted expected shrinkage of angle θ when

compensation x(θ) is applied to all points on the boundary of the CAD model. In particular,

the shrinkage of an angle perhaps depends not only on the compensation applied to it, but

also on the compensations applied to its neighboring points. In such a case, the equation

above serves as a legitimate description of the shrinkages if we were to manufacture the

product with a compensation x(θ) applied to all angles.

As discussed in Section 2.3, setting Ê[∆r(θ, r0, x(θ))|θ] to zero, we have from (11) a

closed-form expression for the optimal compensation function, given by

x∗(θ) = − α̂râ0 + β̂rb̂0 cos(2θ)

1 + âα̂râ−10 + b̂β̂rb̂−10 cos(2θ)
. (12)

3.5 Validation Experiment

To validate the effectiveness of our compensation strategy in (12) we manufactured a com-

pensated cylinder with nominal radius 1.0′′ . Command law curve in the CAD software UG

16



is employed to construct the compensated CAD model according to (12). All manufacturing

and measuring specifications remain the same as in the case of uncompensated cylinders.

Parameters α, β, a, and b are set as the mean values in Table 3.

0 1 2 3 4 5 6

−
0.

01
0

−
0.

00
5

0.
00

0

Validation Experiment: r0 = 1''

θ

D
ef

or
m

at
io

n 
(in

.)

Before compensation

After compensation

Figure 9: Validation result of 1.0′′ cylinder

The result for this cylinder is shown in Figure 9. Shrinkage of the uncompensated cylin-

der is represented by the black line, and shrinkage of the compensated cylinder is the red

line. The nominal value 0 is plotted as the dashed line. Obviously, absolute shrinkage has

significantly decreased under compensation. The sinusoidal pattern of the original shrinkage

has also been eliminated. We compute the average and standard deviation of shrinkage for

both products. As can be seen in Table 4, the average and standard deviation of shrinkage

have decreased to 10% of the original. This demonstrates that the compensation method

has effectively increased the accuracy of the product. However, we notice that the shrinkage

under compensation is still above the desired value of 0, which indicates an overall bias of

the compensation method. The source and solution to this bias will be further discussed in

Section 3.6.
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Table 4: Shrinkage statistics for 1.0′′ cylinder, before and after compensation (in inches)

Mean SD
Before compensation −5× 10−3 4× 10−3

After compensation 9× 10−4 4× 10−4

3.6 Discussion and Model Improvement

Although shrinkage has decreased considerably in the validation experiment, our compensa-

tion strategy has not fully resolved the deformation problem. In particular, if the observed

shrinkages in the validation experiment were effectively random noise centered at the target

value of 0 with a stable level of variation, then the compensation strategy could be said to

have removed deformation. However, we observe in Fig. 9 that nearly all observed shrinkages

under compensation remain positive, meaning that the manufactured product is uniformly

larger than nominal.

Another problem that remains is the poor fit of the current shrinkage model to the 0.5′′

cylinder. Recall that this model provides a good fit for 1.0′′, 2.0′′, and 3.0′′ radius cylinders:

Figure 8 suggests that it captured the main trend of shrinkage. These observations suggest

that some underlying factors that have larger impact on small cylinders are still unaccounted

for in this model.

The potential factor is believed to be “over exposure”, i.e., expansion of the illuminated

shape due to the spread of light beams on the boundary of the product. This phenomenon

is suspected to be approximately fixed for any product, implying a larger relative impact

on small cylinders. We investigate this effect quantitatively with the experimental data. A

constant effect of over exposure for all cylinders is equivalent to a default compensation x0

applied to every angle in the original CAD model. The predicted shrinkage model would

then be given by (10), and reduces to:

Ê[∆r(θ, r0)|θ] ≈ x0 + α̂(r0 + x0)
â + β̂(r0 + x0)

b̂ cos(2θ) (13)
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Model (13) is fit to our data for 0.5′′, 1′′, 2′′, and 3′′ radius cylinders, which were earlier

assumed to be generated by a model with x0 = 0. We maintain the same prior specification

for α, β, a, b, and under the assumptions that x0 > 0 and that this default compensation

would be substantially smaller than any of the radii above, we adopt a weakly informative

prior for x0 of log(x0) ∼ N(0, 1) a priori. The same HMC strategy used previously in

Section 3.3 is implemented to acquire draws from the posterior distribution of the parameters,

which are summarized in Table 5, and the posterior predictive distribution of the shrinkages

generated by this model is presented in Figure 10. We see that this new model provides a

substantially better fit for all observed data as compared to our original model (9), suggesting

that we may have captured the conjectured over exposure phenomenon.
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Figure 10: Posterior predictive distribution for r0 = 0.5′′, 1′′, 2′′, 3′′ when modeling over exposure,
no compensation applied

Table 5 also indicates that the posterior mean of parameter a decreased from 1.4 to 0.86,

closer to the theoretical value of 1. The remaining difference is suspected to be associated

with the shrinkage of thickness in the z direction, which is ignored in our analysis for simplic-

ity. The estimated value of x0 is slightly less than twice the pixel size (0.005′′). This result
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corresponds with Zhou and Chen’s previous work on pixel calibration [17] for the MIP-SLA

process. All these considerations suggest that the new model that explicitly includes an over

exposure effect provides a better physical interpretation in addition to a better fit to the

data.

Table 5: Summary of posterior draws when modeling over exposure

Mean SD 2.5% Median 97.5%

α −0.0134 1.596× 10−4 −0.0137 −0.0134 −0.0131
β 0.0057 3.097× 10−5 0.00565 0.00571 0.0058
a 0.8606 0.00733 0.8465 0.8606 0.8752
b 1.1331 0.00546 1.123 1.1332 1.1442
x0 0.00879 0.00015 0.008489 0.00879 0.00907
σ 0.000869 1.182× 10−5 0.000848 0.000869 0.000892

The optimal compensation level under this new model is then derived by following our

previous logic, and is

x∗(θ) = − α̂râ0 + β̂rb̂0 cos(2θ)

1 + âα̂râ−10 + b̂β̂rb̂−10 cos(2θ)
− x0. (14)

This derivation acknowledges the fact that the amount of compensation x0 will always be

automatically added afterwards. Alternatively, or more rigorously, we could view the nominal

process input as r0 + x0, and perform the Taylor expansion at r0 + x0 instead of r0. In this

case, the compensation strategy will be

x∗(θ) = − x0 + α̂(r0 + x0)
â + β̂(r0 + x0)

b̂ cos(2θ)

1 + âα̂(r0 + x0)â−1 + b̂β̂(r0 + x0)b̂−1 cos(2θ)
. (15)

A comparison of the compensations in (14) and (15) shows effectively no difference (details

omitted). Consequently, we adopt the compensation strategy given by (15).

To validate the improved model we manufacture compensated 1′′ and 2.5′′ cylinders with

the compensation plan defined by (15) under the same building conditions as before, substi-

tuting posterior means of the parameters in this equation. The measured shrinkage results

are shown in Figures 11 and 12 respectively. In Figure 11 a comparison of the uncompen-
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Figure 11: Validation result of 1.0′′ cylinder
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Figure 12: Validation result of 2.5′′ cylinder

sated cylinder, compensated cylinder ignoring over exposure, and compensated cylinder con-

sidering over exposure, are demonstrated. Although both compensation methods decrease

shrinkage substantially, the product compensated according to over exposure apparently

has uniformly smaller shrinkage: its shrinkage curve effectively shifted down closer to the

nominal value 0, resolving the compensation bias problem discussed earlier.

Figure 12 shows the compensation effect for the 2.5′′ cylinder and its comparison with un-

compensated 2.0′′ and 3.0′′ cylinders. Obviously shrinkage has been dramatically decreased,

and the significant sinusoidal pattern has been eliminated. Note that the 2.5′′ cylinder has

not been constructed before, and so this experiment demonstrates great predictability of our

compensation model.

4 Conclusion

In this paper we have developed and demonstrated an effective method for offline optimal

shape compensation in 3D printing processes that provides prospect of direct manufacturing.
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Our method is based on a unique representation of shape shrinkage and subsequent optimal

compensation strategy. This shape shrinkage model has predictive power for various sizes of

products, and the analytical compensation scheme enables effective changes in CAD input

with ease. Our model also effectively captured the over-exposure problem of 3D printing

machines and reduced the bias of shape compensation caused by that. Actual validation

experiments achieved an improvement of one order of magnitude in reduction of geometric

errors for cylindrical products.

Although the final shrinkage is of primary interest in this study, the insights and results

obtained from this research can be extended to consider out-of-plane errors in the z-direction.

Such an extension entails a layer-by-layer modeling and analysis shrinkage and study of

interaction between in-plane and out-of-plane errors. In addition to investigation of shrinkage

compensation in the z-direction, our future work will also focus on extension of the proposed

method to products with complex shapes. We also plan to improve shrinkage modeling by

replacing the assumption of iid errors by a more meaningful correlated error structure like

spatial autoregressive (SAR) models, as proposed by Colosimo et al. (2008) [18].
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